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ELASTIC STATE OF A PLATE WITH A CIRCULAR PLUG
AND A RECTILINEAR THIN ELASTIC INCLUSION

D.V. GRILITSKII, V.K. OPANASOVICH and L.Q. TISOVSKII

There is considered the problem of the state of stress of an infinite elastic plane
with a bonded circular plug and an arbitrarily located thin elastic inclusion under
biaxial tension. Conditions of ideal mechanical contact are satisfied on the line
separating the materials. By using the complex Kolosov- Muskhelishvili potentials,
the problem is reduced to a system of integro-differential equations which is solved
numerically by utilization of a mechanical quadrature method. A numerical analysis
is given for the solution of the problem of the elastic equilibrium of a plane with
a circular hole and an arbitrarily located thin inclusion.

1. Let us consider the elastic equilibrium of an isotropic infinite plate with a bonded
circular plug of radius A and an arbitrarily oriented rectilinear thin elastic inclusion of
length 2]/ and width 2k . The center of the plug, the point ¢, is connected to the Cartesian
coordinate system zQOy while the point ¢, at the center of the inclusion is the origin of a
local coordinate system z,0,y;, where the axis z, coincides with the middle line of the inclu-
sion and makes an angle ¢ with the z axis (Fig.l). The plate is stretched at infinity by
uniformly distributed external forces N, and N, in mutually perpendicular directions, where
the force N, makes the angle B with the z axis. On the line separating the plug from the
plate the conditions of ideal mechanical contact are satisfied.

We shall denote quantities characterizing the inclu-
A sion by the subscript 1, and the plug by 0. We use the
\ / / 4{2 superscripts plus and minus to denote the boundary values
of the functions as y;-» 40 and y, — —0, respectively.

¥ We denote the domain |z |<CR by S, and the dcmain
lz1> R by §,. Here and henceforth, we retain the nota-

\ tion from the monograph /1/.
a z The following boundary conditions hold on the edges
of the inclusion:

\1 {0y — Itxy)E = (0, — ity T, (u -+ 10)E = (u -+ iv) T (1.1)

/ / /f ‘ The components gy, 0y, Tx, 0f the stress tensor and
the components y, » of the displacement vector are defin-
Fig.1l. ed from the formulas /1/

0z + 0y =210 (5) + B ()] . 1.2
Oy — Ty = O(2) + Q&)+ 5 — 2D (3)

e (D)= %D () — Q) — e — )T @)

Qz) = (z) + 20 (5) + ¥ (2) (1.3)
¥ (z) =Q (3) — @ (2) — 20 (2)

fy AN i

Because of the linearity of the problem, the complex potentials @ (z) and \p(z) are re-—
presented as follows for the plate

D) =0, () + Dy (2), ¥(a) =¥, () + ¥, (2) (1.4
where @;(z), ¥;(z) (j=1,2) are functions governing the state of stress in a plate with an
inclusion but without a circular plug (j = 1) and with a circular plug but without the inclu-

sion (j = 2.
Neglecting higher order of smallness quantities compared with h for a thin inclusion, on
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the basis of (1.2) it is possible to write in the z,0,y, coordinate system
(o, — it — (o, — T W =2RK" (), |2l {1.5}
et — @t = @ e
{oy— qu); + {0y — ffxu)? s
iy (=K@ -+ M@ + K@ + 2@, o] <
2k i)} o (i =

sy (2K @)+ G = D M (1) — 2K (@) — 2 (2] +

i 121

Here K (t), M (z) are functions to be determined, and y is the turning of the inclusion
as a rigid whole. For simplicity, the subscript one is omitted from the variable 2 in (1.5)
here and henceforth.

Using the boundary conditions {1.1), we obtain the following boundary value problem for
the determination of the pilecewise-holomorphic functions &, {3}, §, {z} with the line of jumps
[~ {1 from the relations {1.5} and {1.2):

[, {2} — @y ()] — [y (2) ~ @, (D) = 2K (), }2iE {1.6)
@y (2) + Q, (@) — [w®y (2) 4+ Q, ()]~ == 2hEM’ (2),

[EAR

1D, (:e)2+ QA + 10, (2) + D () = 1.7

T - K+ IM{m+ gg@ + 2z —
2Rne, (i<l st min i )

[y () = Oy (2)]* -+ oDy () e Oy ()] == iy b u% X
(21K (2) +0ts— 1) M (2) — 2K (@) — 2 (&) —
P (e, 1zI<Ch %.—-:‘l—ﬂ(_!‘.’_&ﬂ,

¥
Rz} = 0, (X) + & (X) + ¥ {F: {(X) + X (X} (1.8}
Pid) =1 + )@ {X)—~Rizh X =2+t 35 =24
iy, k= plm

(g y, are coordinates of the point @, in the z0y coordinate system),

Solving the linear conjugate problem (1.6) and guing over to the a0y coordinate system,
we obtain expressions for the functions @, {z) and Y, {2) :

H
& ¥ '3 hl
Ty iz} == WSSK ) -+ 230 }—%; -9
£
WV (2) e P —RETQ) - EMT () TSR (- M 0])
1) n(1+u)§,{ t—z - t—a)y U} ar

T o=t gy, 2 = 00 (5 — g,)

We continue the function @;(z) analytically from the domain §;, into the-domain §,.,(j —
0,2} by weans of the formula

O =—;(T) + T (T) + £ 7 (T) (1.10)

and taking inte account the relations (l.4), then for determination of tensor stress compon-
ent g, and o in the polar system, we will have the following relations /27:

ot it = {00 — 7 O, (F) + (1 — ) 1T m — 20fan) + (1.1n
[0+ D@ — 100~ =Tl @ |8 =02

2y 5 (0 o+ i0) = iz { D, (9 + 55 @, (F) = (1 &)@ -
WD) + [%010) ~To®) + 20[) + L 16 | 8
—0,2

i

‘ii i=§ {S‘sx}s }‘wg
F - o
”"’"‘“{ 0, i5§" “‘"'”“'}“‘{(po,mx PR
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Here j= 2 for the plane with the inclusion without the plug, j=0 for the plug, ®, (z),
¥, (2} are functions governing the state of stress in the plug. Ideal mechanical contact con-
ditions are satisfied on the line separating the plug from the plate according to the con-
dition of the problem, hence, on the basis of (1.11) we arrive at boundary value problems to
determine the functions @ (z) and @, (z):

(@, (5) + D, (D1* — [Dy () + D, () = (1.12)
D+ D ()10 () — U, (), t=S, NS,

[ o®@g (1) — po®@ (D1 — [pe @, (1) — pn®, (- =
Box® () — @ () + IO )+ U, (], t€ 8NS5,

Solving the linear conjugate problems (1.12), and taking the relation (1.10}) and the
asymptotic representation of the functions @, (z), ¥y (2) (j =0, 2) into account /1/, we £ind after
manipulations

R#

0,(z)=r+c[£’-'f'+a':>‘;(”6)—@(7) + (1.13)
T3 (5)+F % (7]

Y. 0=L@+ & {@a(z)+clol( 2+ S [RE(E) +

%, 24 27 ()]

L@=T + 2[00+l + b+ 55 T]

T=—t Wi+ N), D'=p®ri—N)esd, c=-t=H

Bomc,[ (10— 1) 1 (0) — (ot + o) B1 (0) -I‘]

B (1 -+ %)
B (1 4 %) Y e )]
= T ' T T mp TR ' T et 2ko—

Passing to the limit as z,— oo in (1.13), we obtain values of the complex potentials
for a plane with a bonded circular plug that agree with the corresponding formulas presented
in /3/.

With the expressions (1.13) for ®,(z) and W, (z) available, on the basis of (1,7) and
(1.9) we obtain a system of integro-differential equations to determine the unknown functions
K (z), M (z), which will have the following form in the dimensionless variables f == 2/l, T = ¢/l

4 1 4
e, ®—8 § [ D Sumdt/@]dr=p@® =12 (1.14)
=1 —1 “j=1
18] <1
h@=M@®E), AO=M®E), LE=K0® [(E=K(E) (1.15)
hs; 2 1 —a
§{=m, Opy == Oy == Cpe = o~ == 75
2k #—1 2wk
Qop == Uge == — T3 a21==1+“1 &, Gos = T
.S’u(ﬂr,_&)=[gil ‘tﬁjﬁ +G,(r,§)+f;(r,§)+g;(r,§)]k. j==1,2 (1.16)
S =122 e+ G —na m D+ oD

S D=6 F Y HhED

Sun =2t 6, b w0 —
HEn +h, )621] h o i=1,2

Sumh = e G — WY —h(D

Su (‘T.', §) =KG2 (T9 g) +xg, (T, §) —'fa (7? E) +f3 (19 g)
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. ca%i® s wl =17 11
sl =xmEr—e &LO=c™| gu—gm — 7] (1.17

Gy (T, §)=—81(T’ b+ (1 + T—) £:(, 8 + g (v B)

G: (v, g) =g (v, E) + g (T, ) |

. 23 (e2— XX)(e2—TT
gs (v, §) =ce'® (BX(eﬂ.{);?X)a !

— 2T X) + 3e2TX — 2t
X — TX)

g4 (v, B) =cesiogs XX

hed=[c+ Sote)] G = alezt)

hwd=[c+ Dot —) | - HEmH=U+ne £

P®=(— Ve o T o [+ (1.18)
rle;m (% - ZX)] + sze (1 —cacs + )T —
1 +% ( T ) 6,,} - zzkya,,

e=RNl, X = §e‘°‘ 4+ 5/l, T = 1ei® + z,/1

The following conditions should hence be satisfied: uniqueness of the displacements when
traversing the outline of the inclusion and equality to zero of the principal vector and
principal moment of all the forces applied to the inclusion. These conditions can be repre-
sented in the form (A is a closed contour enclosing the domain of the inclusion)

1
(//@dr=0, j=1,3 Re {(x8@)+®@)dn=0 (1.19)
—1 A

The system of equations (1.14) and the conditions (1.19) were solved numerically by us-
ing the method of mechanical quadratures /4/. After manipulation, we obtain a system of
linear algebraic equations to determine Uy, and vy

M 4
E ZVIM'U (tmo 1‘,.) u]m=‘Mpi (.l',., Y); i=1,2; (1.20)

m=1 j=

r=1,2,..., M—1

M M
2’ ujm=01 j=1y3; Im Z usmt,,‘:()

m=1 m=1

, ]r— 2m — 14 ar
]m=fj (tm) 1_tm21 t, ==Cos T 7, $T=COST‘T

Mty z2) = @0 (tm — 2,) — BiS1j (Emr 7.)
07 tm> zr
"“m—")z{ 1, t,<z,

The state of stress in the neighborhood of the end of the inclusion can be represented
by formulas in /5/, where the stress intensity factors K; (i =1, 2, 3, 4) are evaluated in the
case under consideration by the formulas (j =1 for the left end, j=2 for the right end,
M is even)

K — sz" =kZ,, KJ—iKj =23,
M

1 - 2m—1 _\@F)
= Vo D (ot Tt ), =13

=1

The problem for an inclusion located within the plug is solved analogously. The solu-
tion of the problem when there are N inclusions in the plate of plug can be obtained by the
same means.
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2. Particular case. Plate with a plug and a crack. Introducing the change of
variables

e e 2
g ==/ kg 2.1

and passing to the limit as p,— 0 in (1.14), we obtain

1

§ 1Su(r. B ey (0 + Sus (v, D g’ (Dl dv =npy (B)

—1

@ =g@=0 [§<1

(2.2)

where the expressions for the functions Sy, (1, &), Sy (v, ). py (§) are given by (1.16)—(1.18).

Plate with a plug and an absolutely rigid inclusion. Passing to the limit as
py—>o0 in (L.14), we find

)3
—?— S e (0B A @) + Su (0O (Mldt=nl+0p @ [EH<1 (2.3
-

4

1
h 1-—« o) Is
0~ A3 L%aemo, i<

=1 =1
where the expressions for the functions @y 8,3 (1, &), Sy (1, & are determined by (1,15)— (1.18).

Plate with a circular hele and an inclusion. Passing to the limit as p,—> 0 in
{1.14), we will have a system of integro-differential eguations for the plane with thecircular
hole and arbitrarily oriented inclusion under the assumption that the hole outline is force-
free. We should set ¢=¢, =1 and

i () = (— 4)6-D a,[2r+f'e-m+e2[—xr-;—+—fg-;-+ (2.4)

v g (B —2x) + F5) ] — @+ w8y (P45 T)) — 20kve;

inte {1.14)— (1.17} formulas-

Now passing to the limit as p,-+0 we obtain an integral equation for a plane with a
circular hole and an arbitrarily located crack, which agrees with the corresponding equation
presented in /4/.

Passing to the limit as u,—> o, we find a system of integral equations for a plane with
a circular hole and an absolutely rigid inclusion.

Plate with an inclusion. passing to the limit as e—0 in (1.14) or as p,—>H, we
obtain a system of integro-differential equations of Prandtl type for a plane with an elastic
inclusion, which agrees with the system of eguations presented in /5/.

Two bonded half-planes with an inclusion. Performing the transformation of
coordinate systems z-»32, y— y — & and passing to the limit as e-»co in (1.14) , we obtain
a systen of integro-differential equations for two homogeneous half-planes bonded along the
real axis and with an arbitrarily located on elastic inclusion in one of them. In this case
the relationships {1.17)~ {1.18) have the form

= ~i
an=5—, &b =“(—Xi%;)"§l {2.5)

Gt =g (LB + (e g (T, E) + g5 (v, §)
G B =G d+am B fitB=0 (=12 3

et HF - V(P —T —_ N
e oL = P
Pi(®) = (1) Ve, {2 4+ %% (f —eyes + )T + (1 — ) ertie+ (2.6)

¢ (1 + e @) (I ) — (1 + %)L + T)8;:} — 2ikydy

Half-plane with an elastic inclusion. Performing the transformation of coordinate
systems as in the previous case, and passing to the limit as e—»> o and pe—> 0 in {1.14)—
{1.16), (2.5), (2.6} (i.e., setting ¢ ==¢; = 1), we find a system of integro-differential egua-
tions for a half-plane with arbitrarily oriented elastic inclusion. In this case (2.6} takes
the form



803

B = (1) Ve {I(1 + e @20 + T+ T — (1 + )T + T)8,) — 2ikydy (2.7
3. A numerical analysis of the solution of the problem has been performed. To  0,.2%
accuracy, values of the stress intensity factors were obtained for a crack and an absolutely
rigid inclusion in an isotropic plane. Results of the numerical analysis for an elastic planewith
a circular hole and arbitrarily oriented elastic inclusion are represented in Figs.2-—4,

Quantities referring to the left vertex of the inclusion are denoted by dashed, and the right
by solid lines.
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The calculations were performed for the following values of the parameters: M =20, h/i=
04, RII=2, 2o/l =&, o/l = 0, No/N, =0, %y =% =2,

The dependence of the stress intensity factors Ki' = Ki/(VIN) (1=1,2,3,4 on the relative
plate stiffness k= wp, is represented in Fig.2a for uniaxial tension in a direction perpend-
icular to the line of the inclusion (@ =0, p = n/2). Curves 7 and 2, respectively, characterize
the stress intensity factors X,y and Xy. For such a loading X =K,/=0.

The dependence of X;’'(i=1,2,3,4) on the distance 4 between the edge of the hole and the
left end of the inclusion is represented in Fig.Z2b under the condition that the inclusion is
on the real axis for p=n/2. Curves I characterize the crack (Ky = Ky = K/ =0), 21is an absol-
utely stiff inclusion (K, = K, =K/ =0), 8 is an elastic inclusion with the relative stiff-
ness k =10(Ky = K3’ = K’ = 0). For k=04 the stress intensity factors are of the order of
1074-10"* and, hence, are not indicated in Fig.2b.

Curves l—4 in Figs.3 and 4 characterize the factors Xy’ {(i=1,2,8,4 for & =10, while
curves 5—8 are the same factors for k=04

The dependence of Xi" on the angle B at which the tensile force acts for a=0 is given
in Fig.3. Analyzing the shape of the functions p; (§) (i = {,2), they can be represented as fol-
lows: p;(E) = 4; (§) + Bi €) ¥, where 4, (§), B; (f) are certain real functions. We hence obtain

Re {pi (w/4 — B)} = Ai (€) +- By €) sin 2B, Re {p; (/4 + B)} =
Ai €) — Bi (8) sin 28, 1m {p; (n/4 — B)} = Im {p; (/4 5 B)}

from which it follows that the straight line p =4 is the axis of symmetry for X,, X,/, on the
straight lines X = K;' (n/4) ({ = 1,3) which are the axes of antisymmetry for Ky, Ky, respectively.
Hence, it is sufficient to conduct investigations for the angles 0 < B < w/4.

The dependence of Ky’ (1=1,2,3,4) on the angle of orientation a of the inclusion at § =20
is represented in Fig.4, From physical considerations it follows that the mentioned depend-
ences should be considered only in the segment [0, n/2).
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